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Instructions:

1. Each candidate is provided with the following documents:
1.1 Question paper including cover page — 22 pages
1.2 One sheet of draft paper

2. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

3. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

4. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.

5. Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

6. The diagrams in this examination paper are not drawn to scale.

7. Calculators of any kind are not allowed in the examination.

8. Answer the questions with a blue or black ball pen.

0. Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages

following each question.

1.

T
4ed BT 0 &2 4 PABC Y PCE3 ABC: |PCl =3 £BCA=7

D4cE » % 8_AB4- BC } 8.+ * |CD| = |DE| =2 |CE| =2 |[EB| =1-

(@) R |AC| - [#7: K M 5 CE 7 B -]

T

(b) (i) 7 2CDE == -
(ii) & 2CDB » % %11 cos ! %7 ©

(c) =z & & P-AB-C> § %1 tan! &7 o

[B7: X X5 AB Y - 2> B8 CX2 ABEF - %P PX ¥ AB%EF - ]

(6 4)
2~)

(5~)
(7 %)

As shown in the above figure, P-ABC is a triangular pyramid, PC is perpendicular to

T
ABC, |PC| =3, £BCA = > The points D and E are on AB and BC, respectively, and

|CD| = |DE | =2, |CE| = 2,|EB| = 1.
(a) Find |AC|. [Hint. Let M be the midpoint of CE.]

(b) (i) Show that 2CD.

(ii) Find £CDB . Express your answer in terms of cos !

(c) Find the dihedral angle P-4B-C. Express you answer in terms of t ani'L,
[Hint: Let X be the point on 4B such that CX and AB are perpendicular.
Show that PX and AB are perpendicular.]

(6 marks)

(2 marks)

(5 marks)

(7 marks)



2. (a) ¢ Ik f(x)=x3—-3x2+2> 2 f(1)=0-

(i) = 42 f(x) = 0 7% f2 o (3 4)
(i) & f'(x) 2 f'(x) - 2#)
(iii) & f(x) kML BEAokh IWE0] B o (3 ~)
(iv) o 5y =f(x) iz gk o (2 4)
V) E¥ ()—(v) % Fhd My =f(x)e G )
(b) e & Sy =x2—-8x+24% y=8x—x%#¢ % B ff o (7 »)

(a) Given function f(x) = x3 — 3x2 + 2, and that f(1) = 0.

(1) Find all the solution(s) of the equation f(x) = 0. (3 marks)
(ii) Find f'(x) and f' (x). (2 marks)
(iii) Find the local maximum and local minimum values of f (x). (3 marks)
(iv) Find the inflection point(s) of the curve y = f(x). (2 marks)
(v) Using the results in (i) — (iv), sketch the curve y = f(x). (3 marks)

(b) Find the area of the region bounded by the curves y = x? — 8x + 24 and
y = 8x —x%. (7 marks)



3. wwe g A(-1,0) = B(1,0) - % # C + ix- 8 N(x,y) +*} AN -AB = |BN|-|4B

() B C E3of 5 y2 = 4x o

b)FERy=ax+b& Cip*r » HP ab=1-

(c)km>0-
(i)%/ﬁ!%&«fﬂ’f s REMLy=mx & CehBLPo ¥%F i maiw o
() Rd MCEPHr R L, il F o FXxum#zT o

(iti) FmenE @ 8 L, &2 L, eh& & 5 tan’

R
o

Given fixed points A(—1,0) and B(1, 0). Any point N(x, y) on the curve C satisfies

AN - 4B = |BN| - |4B).
(a) Show that C is the parabola y? = 4x.

(b) Suppose that the straight line y = ax + b is tangent with C. Show that ab= 1.

(c) Suppose m > 0.
(1) Find, besides the origin, the intersection point P of the straight line
Li:y = mx and C. Express your answer in terms of m.
(i1) Find the slope of the tangent line L, of C at P. Express your answer

in terms of m.

(iii) Find the value(s) of m such that the angle between L, and L, is tam?!

Ll

o

(474)
(4 ~)

2~)
(44)

(6~)

(4 marks)

(4 marks)

(2 marks)

(4 marks)
(6 marks)



4.

wi=V-1-
(@))% z,=3+5i% z,=5+i-Fz=x+yi_ X |z—2z| =|z— 24| °
He xqfoy 578 fxqfoy bl 250 o
(i) &R RB ¢ g0z 0 zp oz hfLpr o
(iii) # |z — z,| g & o
(b) % w=cosz7”+isir¥7£°
H#EP w =1 FHHEN1+w+w?+-+0®=0-
(i) #F @™+ 0™ = 2cos > n =123, ... ©

(i) * (i) §v (i) % » & (cos%”)2 + (cos‘*7”)2 + (cos%”)2 g o

Leti =+v—1.

(4 %)
2~)
2~)

(44)

2~)

(6~)

(a) (i) Let zy = 3+ 5i and z, = 5 + i. Suppose z = x + yi satisfies |z — z;| = |z — z,|,

where x and y are real. Find a relation between x and y.
(i1) In the Argand diagram, plot the points z;, z, and the locus of z.
(iii) Find the minimum value of |z — z].
(b) Let w = c0527”+ isi niz
(i) Show that w” = 1. Deduce that 1 + w + w? + -+ + w® = 0.
(ii) Show that " + @™ = 2 cos™o", n = 1,2,3, ....

(i1) Using the results in (i) and (ii), find the value of

2 2 2
(C OSZ—T[) + (C 054—_71') + (C OS6—T[) .
7 7 7

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)

(6 marks)



a b+c b*+c?
50 @PFAEEAN b a+c a?+c?|e & #)
c a+b a*+b?
(b) e il x~yfrz Z AFE > iRl
x+ y +pz=1
(E):{px+ y+ z=p>
X+ py+ z=¢q
HY pirg 5 ¥ 8-
(i) Fep o H o & @ (E) a3 - (4 2)
(i) $ @ (B) § 52— Bfdshp 2 g chiE - & (E) 54l 3 - 8 4)
a b+c b*+c?
(a) Factorize the determinant (b a4+ ¢ a? + c?|. (8 marks)
c a+b a®+b?
(b) Given the system of equations with unknowns x, y and z:
x+y +tpz=1
(E):{px+ y+ z=p,
x+py+ z=q
where p and g are constants.
(4 marks)

(1) Find the range of p such that (£) has a unique solution.

(i1) Find the general solution of (E) for those values of p and ¢ such that (£) has more

than one solution. (8 marks)
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1. (% M5 CE# v 8. % |CD| = |DE|+» ACDE £ — %"= &2, < DM L CE -

g AC| |DM |

P T Vs s
b J_V'LBCA‘l:E ’ EIAABC ’f"—"ADBM #B oo ,{4-\!’11 " E—m°
% 1DM| = IDEP = IME I” = 1+ # |AC| = T2l ICB| = 3 -

T

(b) (i) #1 |CE|?> = 4 = |CD|* + |DE|? » # £CDE =2

(i) ¢ (a) ehf2® > § |DM| =1 |DB|=/|DM|2 + |[MB |2 =5 - F]* >

|CD|2+|BD|2—|CB|2) 1 (2+5—9) 1 (—1)
ya = ( = ——=) = —) °
(DB = cos’ 2|cD||BD | cos 2v2V/5 cos V1o,

()X X5 AB Y- % # 1 CX LAB -l PCL AB (%1 PC L ABC) > #

PX1AB - Flm {#3r- wm & P-AB-C &7 +PXC #p % 2 «PXC = tan_l:;ill
R4 Ji DABC i ff 14 #|CX| - € 2|AC||BC| = Z|AB||CX| »
3
)3
|CX] ='ACJ,LBC'= (21 =%° Fp o - & & P-AB-C £ tan'— =tan!V5 -
|AB| J@ +32 Vs



2. @ (@) FFA)=0 ex— 1L f(x) P o3 E R f@) = (- DG —2x-2) -
Zf)=0eox=18x>-2x—2=02x=1&x=1++/3>

(i) f'(x)=3x2—6x » f'"(x) =6x—06-°

(i) f'(xX)=0ex=08 x=2-
B x<0 fl(x)>0 & f(x) BiEH -
F0<x<2 flx)<0 > f(x) £ifipehe
B 2<x > f'(x)>0 & f(x) £ipH o
Ft o f(0)=2F - BivErE > f(Q)=-2F- Ak ] & -

(iv) f")=0ex=1-%x<1> f"xX)<0;%5 x>1> f'"(x)>0-
Fp o (L,0)E W My = f(x) 45 B o

)
y
41&
3
y=f(x)
-2 1 : 1 2 3 4X
2
3
= x? — 8x + 24
(b)ﬁi{;}_gx_x§+ B x=28x=6-

F2<x<6 ¥ My=8x—x? ad My=x>—8x+242 1+ o
S

J, (8x —x?) — (x* — 8x + 24) dx = [ —2x* + 16x — 24 dx

= [—§x3+8x2 — 24x]z
=%,
3



3.@F AN=(x+1y) » AB=(20)% BN=(x—1y) » &

AN - 4B = [AB|[BN| = 2(x+ 1) = 2{/(x— D2 +y2 = y? = 4x -

y2:4x ,  4E 2,2 _ 2 (o eernnn
(b) ¢ y=ax+bh # a*x*+ (2ab—4)x+b*=0 (D

T (2ab—4)> —4a?b? =0 - F|p > ab=1-

@@ 2% @ x=0

y=nm

ba

x =2 o v pELdh el PR (S L)
m?2 T
() * (D & Ly 3 y=ax+-c FI LA L, 2Bt —=a—+-

o

Fd @ 4a*—4am+m*P=0- F - a=%
(i) ¥) m>0-% ta, =m % tarﬂ2=§ AEl G LR L, g
# v 0<92<91<§oz¥

m
tang; —tand, M—7%  m
1+tarﬂ1tarﬂ2_1+m(%)_2+m2

1
Z:taf(91—92):

B mi—4m+2=0°7F > m=2+V2-

10



4.

@O)Xz=x+yip
|z — 21| = |z — z,|
= Jx =32+ —-52=/(x-52+(y—1)?
= (x =3+ -57=(x-57+—-1)7?
>x—2y+2=0-

(ii)

A z x—2y+2=0

o 22

O = N W & U1 O

v

(i) % z 5 2z, frzyen? Bpr > Tz =443 [z—z| EDHE ] E -
B |Z_Z1|—‘/§°

(b) (1) a)7=(c0527”+isinz7£7=cosl47”+isinl%:10
W =120 (©— 1)@ + ¥+ +1) =0
=>w6+w5+...+1=0 (rﬂwil)o
(i) o"+w™= (COS—+lSlH—)+(COSZ( DT | jsi 2t n)n)

= (cos—+ lS]I‘lT) + (COST—lSI n7—)
2n71:

o

—2cos

(ii1) (c os—) (c 0547”)2 + (c 05%”)2
= (57) + (57 + (75)
1[(a) 2+ 0 D)+ (@ +2+w0h) + (0 +2+w )]

=Z[(‘” +2+ 0%+ (0 + 2+ 03+ (0° + 2+ w)]
=I5+ +w+w? 4+ 0%

2

o

INIRT IS

11



5. (a)

(b) () (E)7ra- &gy &y

a b+c
b a+c
c a+b

§p=1wm%${

b? + c?
a? + c?
a® + b?

a b+c b?+c?
=|b—a a—b a®—b?
c—a a—c a*-—c?
a b+c b*>+c?
=(@-b)a-c)|-1 1 a+b
-1 1 a+c
a b+c b%+c?
=(@a-b)a-c)|-1 1 a?-b?
0 0 c—b
a+b+c b+c b?+c?
=(a—h)(a—rc) 0 1 a%—b?
0 0 c—b

=(a-b)(b—c)(c—a)(la+b+c)-

1 1 p
p 1 1
1 p 1
x+y+z=1

0> Fp+12 p+-2-

xX+y+z=1-tcq=1%Hfz3i

x+y+z=gq

x=1—-s—t>y=s-z=t’ s t€R-

(i) §P=—2’(E)%t¥{

o 2% -
Ris o ﬁ*{

x+y—

—2x+y+z=-2

x+y—2z=1

x—2y+z=q
2z=1

12

Hx=14+t> y=t->z=t"-

—2x+y+tz=—-2-d Z= 2 frif0=q—-1>%kq=1-

teR-



Suggested Answer:

1. (a) Let M be the mid-point of CE. As ACDE is an isosceles triangle with |CD| = |DE |,
s

we have DM 1 CE. Given £BCA = — and so AABC and ADBM are similar. Thus,

2
@:% — 2 2 — :% :E
51 = pp ASIDM| = JIDE |2 — [ME |2 = 1, we get [AC| == [CB| = .

(b) (i) As |CE|* = 4 = |CD|* + |DE |2, we get £CDE = ~.
(ii) From the solution of (a), we have |DM | = 1. So, |DB | = \/IDMIZ Y MB |2 = NS

Hence,
_1 (1cD|?+|BD|?>~|CB|? _1 (245-9 _1 (-1
2CDB =cosl( = coS =cos ! (—=).
2|cD||BD | 225 V10

(c) Let X be the point on 4B such that CX 1L AB. Then, as PCL AB (since PC 1 ABC), we get

PX 1 AB. So, the dihedral angle P-4B-C is equal to £PXC, and 2PXC = tan? %.

To find |CX]|, consider the area of ZABC. We have % |AC||BC| = % |AB||CX| and hence
= tam V5.

3
)3
|CX| = laclize] __GB  _ 2 Hence, the dihedral angle is tan'?

SR ORI

ol o

2. (a) (i) Asf(1) =0, weknow that x — 1 is a factor of f(x). By direct calculation,
f(x)=(x—1)(x%*-2x—2).
Hence, f(x) =0 ©x=1orx?-2x—-2=0 @x=1orx=14++/3.

(i) f'(x)=3x%—6x, f"(x)=6x—6.

(iii)) f'(x) =0 x=0 or x = 2.
When x < 0, f'(x) > 0 and so f(x) is increasing.
When 0 < x < 2, f'(x) < 0 and so f(x) is decreasing.

When 2 < x, f'(x) > 0 and so f(x) is increasing.
Hence, f(0) = 2 is a local maximum value, f(2) = —2 is a local minimum value.

i) f"(x) =0 x=1.Whenx <1, f""(x) <0;whenx > 1, f""(x) > 0.
Hence, is (1,0) is the inflection point of the curve y = f(x).

™)

y=f(x)

v

X
1 2 3 4

13

3
fa)
-1
-2
-3



2
. y=x*“—8x+24

(b) Solving {y — 8y — 52
For 2 < x < 6, the curve y = 8x — x? is above the curve y = x? — 8x + 24.

, We obtain x = 2 or x = 6.

Hence, the required area is
6 2 2 s 2
J,(8x —x?) — (x* = 8x +24) dx = [ —2x* + 16x — 24 dx

= [—%x3+8x2 - 24x]j

_ 64
-

3. (a) We have AN = (x + 1, y), AB = (2,0)and BN = (x — 1, v). Hence,

AN - A8 = [AB|[BN] = 200+ 1) = 2/ = DT ¥ > 7 = 4.

2 _
(b) From {yy _ zi L o Weget a’x?+ (2ab—4)x +b* =0. - (1)

As the line y = ax + b is tangent to C, (1) has a double root, its discriminant is 0,
i.e., (2ab — 4)? — 4a?b? = 0. Hence, ab = 1.
: . (y?=4x 4 : : o .
(c) (i) Solving y=m ’ wegetx =0orx = — As the intersection point P is not the origin,
. (4 4
1t 18 (ﬁ,;).
(i1) By (b), let L, be y = ax + % As Pis apoint on L,, we get% = a% + % which gives
4a? — 4am + m? = 0. Hence, a = %

(iii)) Asm > 0,lettand; = mand tand, = %be the slopes of L; and L, respectively,

where 0 < 6, < 6; < g Then,

m
1—t 0, — 0,) = ta; —tand, M—7%  m
g~ AT TTttawitam, g im) 2+m?

from which we get m? — 4m + 2 = 0. Hence, m = 2 + /2.

14



4. (a)(i) Let z = x + yi. Then,
|z — 21| = |z — z,]
> Jx =32+ -52=/(x -5+~ 1)?
= @x-37+@-5=x-5+y-1)?
Sx—2y+2=0.

i)

4 21 x—2y+2=0

O P N W B~ U1 O

(iii) |z — z,| attains it minimum when z is the mid-point of z; and z,, i.e., z = 4 + 3i.

In this case, |z — z;| = V5.

b (@) o’ = (C0527n+isinz7£)7=cosm7n+isinl%= 1.
w —-1=0=>(w-D(+w’+--+1)=0
= w®+w’+++1=0(sincew # 1).

20T 4 i nh
7 7

. - 2 . .2
(i) o"+w™= (cosg+151n$)+(cos
2nT

= (cosznTn+isi nzg)+ (cosznTn—isi n7—)

2nm
=2 cos7.

2 2 2
21 41T 61T
cos7) + (COST) + (cos7)

w+w_1)2 n (w2+w_2)2 n (w3+w_3)
2 2 2

[(W*+2+w )+ (@ +2+0™)+ (00 +2+w079)]

2

=-[(w?+2+ w®) + (0*+ 2+ 03) + (0° + 2 + w)]

1
4
1
4
=[5+ (1+w+w?++ )

5

4

15



a b+c b?+c?
b—a a—-b a*—b?
c—a a—c a*-c?
a b+4+c b?%+c?
=(@-b)a-c)|-1 1 a+b
-1 1 a+c
a b+c b*+c?
=(a-b)a-c)|-1 1 a?-b?
0 0 c—0>b

a b+c b?*>+c?
b a+4+c a*+c?
c a+b a*+b?

(a)

a+b+c b+c b?+c?
=(a—b)(a—c) 0 1 a?—b?
0 0 c—b>b

=(a—-b)(b—c)(c—a)(a+b+c).

1 1 p
(b) (1) (E) has a unique solution ifand only if [p 1 1| #0,i.e.,p # landp # —2.
1 p 1
x+y+z=1
When p = 1, (E) becomes {x +y + 2z =1.So, g =1 and the solution is
x+y+z=gq
x=1-s—-t,y=s5,z=t, s,teR
x+y—-2z=1
(1) When p = -2, (E) becomes {—ZX + y + z = —2. The sum of all the three equations gives
x—2y+z=q
0=q-1.
x+y—2z=1

Hence, g = 1. Then, solving{ wegetx=1+t,y=tz=t teR

—2x+y+z=-2

16



