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Part I Multiple choice questions. Choose the best answer for each question.
1. Which of the following is an empty set?
A. {0} B. {x:sinx+cosx =3} C. {x:x’-1=0,xeR}

D. {&} E. {(x,y):x’+)y"=0,xeR,yeR}

2.If a>b>0and m > 0, which of the following inequalities is true?

A. Q>b+—m B. g<a—m C. Q<b+m
a a+m b b-m a a+m
D. %>ﬁ E. none of the above

3. If the polynomial x* +3x* +ax+b isdividedby x—2 and x+1 respectively, the remainders are equal.
Find the value of a.

A. 4 B. -3 C. 4 D. 9 E. -6

4.7-43 =
A BB-\2 B. 2-3 C. 3-2

D. 26 E. 2-243
5. If the equation px” —2(p+3)x+ p—1=0 has real roots, find the range of p.
A 0<p<3 B. pz—2 C. —2<p<l
D. p2 —% E. none of the above
6. Given 2 =5" = \/E , what is the value of %+% ?
A. 2 B. 1 c. V2 D. % E 4

7. In the right figure, the three circles and the line segment AB
touch each other. The two larger circles have radii 3 units
and 4 units, respectively. Find the radius of the smallest

circle.

A. 84-48\3 B. V2-1 C. 22-2

D. 6-4/2 E. 42-243 A B
8. John has probability % of winning a game. What is the probability that he wins at least one game in

three consecutive games?

A é B. é_z C. é—i D. 2—1 E. g



9.

y—2x<4

In the below figures, which of the regions is the solution set to the system of inequalities {x+y>5 ?
y—220
y y y y
I y—2x=4 1 y—-2x=4 I y—2xr=4 1 FEtn
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A / ¥

10.

11.

12.

13.
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15.

7 ~ L / N y= 7 N ;v=xz 7 <

x / _,..;
/0 \r-i—}':S 70 \Hy’:s 70 \“y=5 /0 \Hy:

A1 B. 1I C. 11 D. IV E. none of the above

Suppose that the line L passes through the point (1, 2), and is perpendicular to the line 2x—-3y =4.
L and the y-axis will intersect at

A. (o,%) B. (o,%) C. (0,3) D. (o,-%} E. (o,%)

There are 6400 chairs in an indoor stadium. Each row of the venue has 32 chairs. Current social
distancing measure requires that no more than 4 consecutive chairs could be occupied in the same row.
To comply with this requirement, the maximum number of chairs that could be occupied in each
performance is

A. 5000 B. 5200 C. 5400 D. 5600 E. 5800

Suppose the two real roots of the equation 3x* —8x+m =0 are x, and x, . If the arithmetic mean of
1

— and 1 is 2, what is the value of m?
X X

A -2 B. -1 C. 4 D. 1 E. 2

Two different numbers are picked up from 1, 2, 3, 4, and 5 sequentially to form the tens and unit digits
of a two-digit number. The probability that the two-digit number is less than 40 is

Al B. 2 c. 3 D. 4 E. 1
5 5 5 5
The solution of the equation 6* —2* =2 —6"*' +2"** ig
—_ __1 _ _1 _
A x=-1 B. x= 5 C. x=0 D. x 5 E. x=1

Peter first faced east and walked for n kilometers, and then he turned 150 degrees to the right and walked
3 kilometers. Now he was x/§ kilometers away from the starting point. Find the value of ».

A 33 B. @ C. % D. 3 E. 2J30r\3
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Part II Problem-solving questions.

1.

Given that the graph C of the quadratic function f(x)=ax*+bx+c passes through the point (5, 0). Its
axis of symmetry is x =2, and the minimum value of f(x) is —9.

(a) Find the values of a, b and c. (3 marks)
(b) Find the expression of the function after shifting the graph C to the left by 3 units, and then shifting

it up by 3 units. (2 marks)
(c) Let g(x)= f(3sinx). Find the maximum and minimum values of g(x). (3 marks)

. : . na,
Let {a,},., bea geometric sequence with 1 as the first term, and sequence {b,}, ., is givenas b, = 1
Suppose that a,, 4a,, 16a, form an arithmetic sequence.
(a) Find the general terms for {a,},., and {b,},., - (3 marks)
(b) Find S, , sum of the first n terms for {a,}, ., and T , sum of the first n terms for {, } ., .
(5 marks)
.. . x2 yz . \/E . . .
Suppose the eccentricity of the ellipse C': b—2+—2 =1 (a>b>0) 1s IR and (2+/2, 4) is a point lying
a

on C.
(a) Find the equation of C. (3 marks)

(b) Let L:y=k,x+b be one line which does not pass through the origin O and is not parallel to the
coordinate axes. There are two intersections 4 and B for the line L and the ellipse C. The midpoint
of the line segment AB is M, and the slope of the line OM is k, . Show that k\k, =-2. (5 marks)

. (a) Express J3cosO—sind in the form of rcos(8+ f), and find the range of V3cosO-sind.

(2 marks)
(b) Solve V3cosO—sinf=—1 for 0<O<27. Answer is to be presented in radians. (3 marks)
(c) If V3cosf—sinf = —% ,and 0<@<r, find sin(g+%j . (3 marks)

5. Prove by mathematical induction that 3*"** +5*"*! is divisible by 14 for any positive integer 7.

(8 marks)

11



Suggested Answer

Part I Multiple choice questions.

Question Number Best Answer
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Part II Problem-solving questions.

1. (a) The coefficients of the quadratic function satisfy the following system

25a+5b+c=0
b=-4a .
4a+2b+c=-9

Solving the equation system yields
a=1,b=-4,c=-5.
The function is
f(x)=x"—4x-5.
(b) y=(x+1)’-6=x>+2x-5.
(c) We have g(x) =(3sinx)*—4(3sinx)-5=3sinx-2)*-9.

Since —3<3sinx <3, 2e[-3,3], the function obtains its maximum value at 3sinx =—3, that is,
Max g(x) = f(-3)=16.
The function attains its minimum value at 3sin x = 2, that is,

Min g(x) = f(2)=-9.

2.(a) Let a, =aq"". As a,,4a,,16a, are in arithmetic progression, so 16a, +a, =8a, , i.c.,
16aq° +a,=8aq.

Since a, =1, we have g = % Thus

1)nl n
a, =+ ,b,=—.
1)

(b) From the geometric sum formula, we get S, :%( —% .
Since
Tn=%+%+%+%+---+’2;}+%, (1)
we have
4Tn=1+%+%+%+m+4’11 . (2)

Subtracting (1) from (2) gives

1,1, 1 1 n _4 1 n
3, =1+ +—S+—5++ =31-L|-1
n 4 42 43 4n—1 4n 3( 4n) 4n

Hence

4 1 n
T =2(1-= |-,
n 9( 4n) 34n

13



3.(a) a and b satisfy the system

XY
TR
2

(b) Combining the equations of the line y = k,x + b and the ellipse E+ 9= =1, we get

2, (kx+b)’
16" 32

That is, (2+ k})x* +2kbx+b*>—32=0. Then the coordinates of M are

=1.

—kb _2b
Yo = 2+k2’y° 24k

Therefore, the slope of the line segment OM is

-2
k2 :?1.

Consequently, kk, =-2.

4. (a) V3 cosf—sind = Z(gcosé’—%sin 0)= 2(cos%cos6’—sin%sin 0) = 2cos(t9+%) .
It follows from the above that —2 <~/3 cos@—sin@<2.
(b) From the result of (a), we get J3cosO—sinf = 2cos(9+%) .

1
Since \/gcosH—sinH:—l, SO cos(9+%)=—5 .

2 4
Since 0<0 <27, we have 9+%=§7T or gﬁ,thatis 0:% or 7

. 1 1 1
(c) Since V3 cos@—sin@ = 5 therefore 2cos(8 +%) = —7 that is cos(6+ %) = e

. 1 )
By the double-angle formula, we have 1— 251n2(§ +%) = R S0 sm2(§+%) = Bl . And since

0<0< 7, weget 0<9+—
2 12

Therefore

sm(— —) \f J_.

14



5. Proof: Let S(n) be the statement “3*"** + 5> is divisible by 14”.
(1). When n =1,
3*2452"1=3045'=729+125=854, 854 +14=16.
Therefore, S(1) is true.
(2). Assume that S(n) is true for n=k(k € Z%), i.e., 3% +5*" is divisible by 14, where k€ Z" .
Sowhen n=k+1(keZ"),

34(k+1)+2 + 52(k+1)+1

_ R4k+4+2 2k+2+1
=3 +5

— 34 _34k+2 + 52 . 52k+1

=81 _34k+2 +25. 52k+1

=56- 34k+2 +25. 34k+2 +25. 52k+1
=56. 34k+2 +25. (34k+2 + 52k+1)

Where 56-3*%*? is divisible by 14, and according to the assumption, 25-(3**2+5%*") is also
divisible by 14.
In other words, S(k+1) is also true.

By (1), (2) and the Principle of Mathematical Induction, the statement is true for all positive integers
n.
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